
Math identities and other results

Gaussian integrals:

I (0)(a, b) ≡
∫ +∞
−∞

e−ax2−bx dx = √
π/a exp(b2/4a)

I (1)(a, b) ≡
∫ +∞
−∞

xe−ax2−bx dx = (−2b/a)
√
π/a exp(b2/4a)

I (2)(a, b) ≡
∫ +∞
−∞

x2e−ax2−bx dx = [(b2 + 2a)/4a2]√π/a exp(b2/4a)

Other integrals: ∫
sin2(ax)dx = x/2 − sin(2ax)/4a∫
cos2(ax)dx = x/2 + sin(2ax)/4a∫

sin(mx) sin(nx)dx = + sin[(m − n)x]/2(m − n)− sin[(m + n)x]/2(m+ n)∫
cos(mx) cos(nx)dx = + sin[(m − n)x]/2(m − n)+ sin[(m + n)x]/2(m+ n)∫
sin(mx) cos(nx)dx = − cos[(m − n)x]/2(m − n)− cos[(m + n)x]/2(m + n)

Trig identities:

sin(a ± b) = sin(a) cos(b)± cos(a) sin(b)

cos(a ± b) = cos(a) cos(b)∓ sin(a) sin(b)

sin(a) sin(b) = cos(a − b)/2 − cos(a + b)/2

cos(a) cos(b) = cos(a − b)/2 + cos(a + b)/2

sin(a) cos(b) = sin(a − b)/2 + sin(a + b)/2

cos(a) sin(b) = sin(a + b)/2 − sin(a − b)/2

exp(±iz) = cos(z)± i sin(z)

Free-particle Gaussian wave packets (Chapters 3 and 4):

φ(G)(p, t ) = φ0(p)e
−ip2t/2m� =

[√
α√
π

e−α2(p−p0)
2/2e−ipx0/�

]
e−ip2t/2m�

ψ(G)(x , t ) = 1√√
πα�(1 + it/t0)

eip0(x−x0)/�e−ip2
0 t/2m�

e−(x−x0−p0t/m)2/2(α�)2(1+it/t0)

|ψ(G)(x , t )|2 = 1√
πβt

e−(x−x0−p0t/m)2/β2
t

〈p〉t = p0, 〈p2〉t = p2
0 +

1

2α2
, and 	pt = 	p0 = 1

α
√

2

〈x〉t = x(t ) ≡ x0 + p0t/m, 〈x2〉t = [x(t )]2 + β2
t

2
, and 	xt = βt√

2

where

βt ≡ α�

√
1 + t 2/t 2

0 and t0 ≡ m�α2 = m�

2(	p0)
2
= 2m(	x0)
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